CATEGORICAL COPRODUCTS

RAPHAEL ROUQUIER, UCLA

1. INTRODUCTION

The problem involves the explicit construction of categorical structures that provide a step
towards a construction of 4-dimensional topological quantum field theories. The idea of ob-
taining invariants of smooth 4-dimensional manifolds by constructing field theories extended
to dimension 1 by ”categorifying” Reshetikhin-Turaev’s construction in 3d was advocated by
Crane and Frenkel [CrFr|. Representations of quantum groups on C(g)-vector spaces are re-
placed by ”2-representations” on categories [ChRou, Lau, KhoLau, Roul]. The 2-dimensional
pair of pants should correspond to a tensor structure on the category of 2-representations.
That tensor structure does not arise from a coproduct but from a trimodule and the problem
is devoted to the construction of that trimodule. The construction applies to the monoidal
category associated to the positive part of a Kac-Moody algebra. Cf [Rou2| for more details.

The first step of the proof (Lemma 2.2) is to show that such a quantization is endowed with
non-functorial symmetry maps 7 that satisfy braid relations up to terms of low degree. This is
where the non-degeneracy assumption (iv) is used.

The construction of the action of A(cy) on objects is suggested by the statement of the
problem. The construction of A(c)(a.) involves the maps .

Lemma 2.3 is the crucial tool to establish functoriality. It controls the lack of functoriality
of the maps 7.

2. PRELIMINARIES

Note that we have D=0 = (gr D)? 2 (gr)° = C=°.

Given d,d € Dy, let 644 be the image of 044 in HomérD(dd’ ,d'd).

We denote by C; the full subcategory of C with objects those of ®(Dy).

Givenc,d € Cy, let 7. € Hom Y(ec, ¢'c) be a map whose image in Homgrc(cc’ ,c'c) is mapped
to g, by ®. Givency,...,c, € C1 andi € {1,...,n—1}, weput 7, = ¢ - ¢i—10¢,,c;,, Cit2 " " * Cn-
We fix a reduced decomposition w = s;, ---s;. for each element w € &,, and we put 7, =
Tiy* " Tipe

Properties (ii) and (iii) hold for D replaced by gr D, hence for C. In (iii), o, is replaced by
Tw-

Let C’ be the free strict monoidal category generated by C; and maps 7. : ¢ — ¢ for
c,d € Ci. Let ¥ :C" — C be the strict monoidal functor that is the identity on C; and sends
Teer 10 Te . Define C=C /ker U. The functor ¥ factors through an equivalence C — C. We

can replace the category C by the equivalent category C to solve the problem. So, we can

assume that tensor product is a bijection [],-,Obj(C1)" = Obj(C). We denote by C,, the full
1
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subcategory of C with objects ¢; --- ¢, with ¢; € C; and we put C, = Hn21 C,. Note that we
have a category decomposition C = ano Cn.

Given Cly-++ s Cmyn € Cla we put TeyCmyema1Cmin — T(1=n+1,....m—m4nm+1—1,...,m+n—n)-
Let ¢,d,d,d € C. We define a map

h : Home(c, d) ® Home (¢, d') — Home (e, d'd), f& f v+ aa o (ff)—(f'f)oTew.
The next lemma is immediate.

Lemma 2.1. We have h((f'o f)® (¢’ 0g)) =(g'f")oh(f @ g) +h(f ®g') o (fg).

We have
h(ff/ @ g) = le,de/l © fh(f/ & g) =+ h’(f ® g)f/ © Cchll,C2
for ficg—dy, f':cd, —d] and g : co — dy and

hf®gg') = data,ay o h(f @ g)g' + gh(f @ g') 0 Te e, Ch
forficqg—dy, g:icog—dyand g : cy — d,.

Lemma 2.2. The monoidal category C, its full subcategory Ci and its maps 7. satisfy the
following properties:

® T1.=T.,1 =1id. forallceC

e h(f®q) isin the image of the tensor product map Home(c, d')®@Home (¢, d) — Home (e, d'd),

when f,g € Cy.
® Terener = (Tey,rC2) © (C1Teper) and T = () Teey) © (Teer €y) for any ¢, c ey, c0,¢, ¢ € C.
<1
* (637—01702) © (7—01,6362) © (017_02703) - (7_0276301) O (C2TC1,C3) o (7_0170263) € HOHIC_ (6162637 C36261)'

Proof. The first and third properties are clear. The second property follows from the fact that
h(f ® g) € Hom=".

Let us now prove the last property. Let u; € Home, (¢;, ;) for i € {1,2,3}.

We have c30¢, ¢, © 0c;,5€2 0 C10cy.c5 = Ocye5C1 © C20¢, 5 © Oy ¢, C3, hi€NICE

635'01702 © 601,6302 © 01602703 = 602,6301 © 02601703 © 601,6203'

<2

We deduce that § = ¢37¢, ¢y © Ty ,e5€2 O ClTey 5 — Tep,e3C1 O C2Tey o5 © TeyepC3 € Homz"(c160¢3, c3¢¢1).
< <

So there are vy, € Hom50(030102, c3cacy) and 7y € HomgO(CQCgcl, c3Cocy) such that

<1
0 = V10 Tey,e5C2 O C1Teycq + Y2 © CaTeye5 © Tey €3 mod Hom=".

We define similarly v; and +4 by replacing ¢; by ¢.
We have

/
U3UUY O C3Tey ey © Teye5C2 © CiTeges = (—Ush (U @ Ug) + C3Te ¢ O UULU) O Tey 05Ca O C1Tey e

/) / / <1
= —Te e, C10CHTer o1, Oh (U1 @Ug ) Uz+C5Ter o O(—h (U1 @Uz) Uz +Ter o CHOUIUZUZ)OCI Ty ;  MOd Hom=
/ / / /
= —Tey e, C1 © CoTel et © MU @ Ug)Uuz — C3Ter ¢ © Tey o1, Cy © Uurh(ug @ uz)+

/ / / <1
+C3Te ey © Tel e, Co © C1Tey o, © Uruguz  mod Hom=

/ / <1
because 37 o © 37y o+ € Hom=".
We have
/
U3ULUT O Teg,e3C1 © CoTeye3 © Tey,e2C3 = (—h(UQ X Us)ul + Teh,chC1 © U2U3U1) O CaTey,e3 © Tey,eaC3

/ / / / <1
= —C3T¢, ¢, OTe, o, CoOUr P (Ua@U3) +Tey o1 ¢ O(—uah (U1 @uz) +C5Te, o OUUI U3 )OTe, 3 mod Hom™
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/ / / /
= 3Ty O Teh o, Cy © Urh (U ® ug) — Tep €1 © CoyTer o © B(ug @ ug)uz+

/ / / <1
+Tep 0, C1 © CaTey ¢, © Tel o, C3 © Uruigug  mod Hom=™

So
T T o T — 1T o) T o7 d H =1
UzUzUy © (CS c1,e2 © Tep,e3C2 © C1Teg,c3 c2,c3C1 © C2Te¢y 3 01,0203) mo om

0 / / / / / <1
- (037—0’1,0’2 O TehchCo © C1Teh e — Teh,ch C1 © CoTel oy © Tc/l,clzcg) oujusuz mod Hom

/ / / / / / <1
= (71 0 Te) e, Cy © C1Teh e, + Vo © CyTel o, © Ter o, Cy) © Urtipuz  mod Hom=

/ / / / / / <1
- (Tc'z’cécl © CaTey el © s23512(71) + C3Te) e, © Teh e Co © $12823(7s)) © upugug mod Hom™

On the other hand,

UgUaUy O (Y1 O Tey 5C2 O C1Tey 5 + V2 O CaTey 5 © Tey 0nC3) =

/ / / / <1
Telh,eh C1 O CoTel o, © U2U1U3Z © 593512(71) + C3Te) el O Teh e, Co © U1U3U2 O 512523(72) mod Hom=

We deduce that
/ / /
Tely,e,C1 © CoTeh el © (uguiug © s12823(71) — s12523(71) © UrULUs)+

/ / / <1
+Cch’1,c’2 @) 70'17(%02 @) (U1U3U2 e} 823512<’)/2) — 823812("}/2) e} U1UQU3) € Hom~

It follows that
/ / /
Ocly,esC1 © Co0¢) ¢4 © (u2u1u3 ° 812823(71) - 812823(71) © U1U2U3)+

/ / / <1
+TC30¢,¢, © Oc} e, Co © (urusus © Sa3512(72) — S23512(73) © UrUu3) € Hom™",
hence
/ / /
(uzuguy © S93512(71) — S23812(71 ) UsU1Uz) © Ot (1.Ch © €10 o1+

/ / / <1
+(usugur 0 512523(72) — S12523(7V3)UaUzUr) © Cho s 1 © O s C3 € Hom=" .

_ / _ /
As a consequence, ugugty0S23512(71) = S23s12(7] ) Ustyue and uzusty0819593(Y2) = S12523(75) Utz .
This forces v; =~/ = 0 for i € {1,2}. O

Note that the monoidal category C°PP, together with DPP | satisfies the same assumptions as
C and D. Given f a map in C, we denote by f°PP the same map viewed in C°??. We choose
(74%") as the 7-maps in C°PP. We have h(f ® f')°PP = —h(f°PP @ fOPP).

Given ¢y, ¢y, ¢y, dy € C, we define the k-submodule L(cy, co, ¢, ¢y) of Home (e, ¢ ch) as the
image of the map

@ Hom(cs, ae) ® Hom(cya, ¢;b) @ Hom(be, c) — Hom(cyes, ()

a,beC
ecCy

f®ghw— dhogeocf.

Lemma 2.3. Given cy,cy, ¢y, ¢y € C, f € Home(cy, ) and g € Home(co, ), we have h(f®g) €
L(ci,co,dy, ).
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Proof. We will say that the lemma holds for (nq,ns) if it holds for all f and g such that ¢; € C,,,.
Let Lype(c1, e, ), cy) be the image of the map A = A\, p,

A : Hom(cy, ae) ® Hom(cya, ¢;b) ® Hom(be, ¢) — Hom(ciee, ¢i¢y), f R gRh— dfhogeocf.
Note that

!l )opp — fopp  /fopp OPp OPP
La,b,e<cl762701702) Lbae( 02 Cl CQ )
e Here are some properties of those k-submodules of Hom(c;co, ¢ c}).

(1) ideye, = Mid ®1id ®@1d) € Ly 1,¢,(c1, C2, €1, c2) When ¢ € Cy

(i) ideydyer = My, (A ®1d®@id) = Mgy 16,(1d®id ®1d) is an element of the intersection
LthCQ (Cldl, Ca, Cq, dlcg) N Ldl,l,cz (Cl, dlcz, Cldl, 02) when ¢, € C_|_

(iii) Givenw; : b; = ¢; and v; = ¢ — ¢ fori € {1,2} and given ¢ = () € Lape(cq, ¢, ¢}, ),
we have v1v2 0 ¢ 0 ugus = A((id ®u1b ® va) 0 o (ug ® wa ®id)) € Ly pe(by, ba, ¢, c5)

(IV) C1Tdy,co = )\(1d®1d ®le,02) < Ll,dl,cz (Cldl, Co, Cq, Cle) and Ter,d1C2 = )\(ld RTer,dp @ ld) S
Ldl,LCQ (Cl, dlcg, d1C17 CQ) when Co € C+0

(v) Given f: by — by and ¢ € Lape(c1,c2,¢),¢5), we have 1y o chofd € Laype(bicy, ca, ch, bich)

(vi) Consider f : by — b} and ¢ € L(cy,co, ¢}, ¢,) and assume the lemma holds for (ny, ny),
where b; € C,,, and ¢ € C,,,. We have ¢f o c17y,.¢, € L(c1b1, c2, ¢}, c4b).

(1), (ii), (iii) and (iv) are clear. (v) follows from the commutativity of the following diagram

/
l bl C/ Tblla /162

/ 1k V.c e
bicico Jag Viciae — blclb bicicy A bc
m / Tb/ / be clb/
biciae i b be
(Tb/ 3 bofh)e

Consider g : ¢ — ae, h: cia — ¢ib and k : be — . There is a commutative diagram
g ) 1 2 g

c1big c1 fae C1T! e heb) cykby

c1bicy — c1bjae —— c1bjae —— claeb —5 chbet, — b

/
C1a7'b/1,e clebll e
c1 Tbll ,ae

ciabe — bl e
™ e 7101

It follows that (cjk) o he)by o ci(Ty qe © fg) = Mg ® (c1fa o 17y 4 0 hby) @ (bry, o 0 kb)) €
La,bb’l,e(clbh Co, Cll, Cl2b/1)

Consider now ¢' : ¢co — d’¢’, b’ : bjd’ — ael/ and k : b'e’ — b}. There is a commutative
diagram

c1big c1h'e heb’, ) kb

c1bico ang clbla o 1S c aeble! 4k claeb — c\beb) - cychb

m 4&

chbet'e

It follows that (¢} kohe)boc (aek’oh'e’obyg") = A(g'@(heb'ocih' )RKK') € Lo per o (c1b1, C2, €}, c4b).
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By assumption, h(f®g) € L(by, c2, ae, b)), hence (¢ kohe)bjocih(f®g) € Las pe e (€101, Ca, ¢, chbY).
This shows (cikoheocig) fociTy, e, = (tkohe)boci(Ty se0 fg—h(f®g)) € L(ciby, c2,c), chby),
hence (vi) holds.

e Let us check the lemma for generating maps of the category C.
Assume d;, e; and ¢| are in C;. We have

/ / ’
h(le,El ® cl) = Terdy,c) © Tdr,e1C1 — C1Tdy,er © Tdye e

/ /
= Tey,c, dy o €17dy ¢4 © Tdy,e1C1 — C1Tdy,er © Tdy,cf €1 © leel»Cll'
Lemma 2.2 shows now that h(74 ., ® ¢}) is a linear combination of maps of the form
o uwvw € Ly (dier, ey, ¢y, endy) with w:dy — ¢, vie — e and w: ) — dy (by (ii)
and (iii))
o uwvw o diTe, o € Ly, o (dier, c), ¢l endy) with w:dy — ¢, v:cp — e and w: e — dy
(by (iv) and (iii))
® UVW O Ty, ,C) € Ly, o (dier, ), ey, erdy) withw:ep = ¢), v:idi — e and w: ) — dy
(by (ii) and (iii)).
We deduce that h(7y, ., ® ¢}) € L(dyeq, i, ¢}, exdy).
We have

/ / /
h(61 ® 7_611761) = €17¢)dy © TC'l,eldl O C1Tdyer — Tdie1C1 © leC’l,el O Tel,dy €1

So, h(c} ® T4, ¢, ) is a linear combination of maps of the form
o www € Ly, ¢ 1(¢),dver,erdy, ¢)) with w: ¢} — ey, v:dy — dy and w : ey — ¢ (by (i)
and (iii))
® UVW O 4Ty, ¢y € Ley 1.4, (), drer,endy, cy) withu: ¢ = e, v:dy — ¢ and w: e — dy
(by (ii) and (iii))
® UVW O Ty 4,61 € L 16,(cy,dver,erdy, c)) withu: ) = dy, v:dy = e and w: e — ¢
(by (iv) and (iii)).
We deduce that h(c], ® T4.e,) € L(¢), dre1, e1dy, ).
If ¢1,¢),ca, ¢y € Cy, then h(f ® g) € L(cy, ca, ¢y, ¢)) by (i) and (iii) and Lemma 2.2.
e Let us now prove stability properties of the statement of the lemma.
Consider f’ € Hom(c¢},¢]) and ¢' € Hom(c,, ¢5). Lemma 2.1 and (iii) show that if h(f ® g) €
L(Cla C2, C,27 Cll) and h(f, ® g/) < L(Clla 0,27 6/2,7 Clll)a then h((f, © f) ® (9, © g)) S L(Ch C2, 0,2/7 Clll)
Consider now f : ¢y — dy, f': ¢ = dj and g : ¢3 — dy. We assume h(f®g) € L(cy, 2, ds, dy)
and we assume that the lemma holds for (ny, ny), where ¢; € C,, and ¢, € C,,. By Lemma 2.1,
we have

h‘(ff/ & g) = 7—d1,d2d/1 o fh(fl ® g) + h(f X g)f/ o Cchll,CQ'
It follows from (iii) and (vi) that h(f ® g)f’ o c17u ¢, € L(c1€], €2, da, d1dy) and from (iii) and
(v) that 7q, a,dy o fR(f' ® g) € L(c1cy, e2,da, didy). So h(f ' ® g) € L(c1cy, 2, da, drdy).

Consider finally f:c¢; — dy, g:co = dyand ¢’ : ¢y — d),. Assume h(f ®¢') € L(cy, ¢y, dby, dy)
and assume the lemma holds for (ny,ns) where ¢; € C,, and ¢3 € C,,,. We have

h(f ®gg') = —h(g™Pg"™ @ foFP)°PP
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Since h(g°P? ® fPP) € L(dy,dy,c1,c2) and h(g°P? ® f) € L(dj, dy,c1,¢,), the study above
applied to C°PP shows that h(g°PPg°P? @ foPP) € L(dad),dy,cq,cach), hence h(f ® gg') €
L(Cl,CQCé,deé,dl).

The maps in the monoidal category C ® C are generated by maps f ®id, id®f, 4. ®id and
id ®74, for f a map in C; and d,e € C;. Since the lemma holds for those maps, we deduce by
induction on (n1,ms) that the lemma holds in general, using the stability under composition
and tensor product. Il

Lemma 2.4. Given ¢, € C with ¢ #0, we have 1. ¢L(c, ', c).

Proof. We have ¢ = ¢;---¢, and ¢ = ¢} ---c, for some c1,...,¢,,¢),...,c, € C;. Consider
vVE Gy, weS, ,and r €S, and f,¢,h € Hom=’. Let v/ € &, (resp. w', resp. 2') be
defined by v'(i) =i for 1 <i <mand v'(n+1i) =n+wv(i) for 1 <i<n' (resp. w'(i) = w(i) for
I1<i<n+r,w(n+r+i)=n+r+iforl1 <i<n' —r resp. 2/(i1) =i for 1 <i<n'and
'(n' +1i) =n'+z(i) for 1 <i < n). We have z'w'v'(n + v (n’)) =n’ + z(n) > n’, hence the
permutation z’w'v’ is not equal to the permutation p= (1 - n'+1,....n—n'+n,n+1—
L...,n+n—n).

Consider r € {1,...,n ' =1}, a €Cr, e € Cyyp, b € Cpyr—s, f =Tp0 f', g = Twog and
h = 7,0l with f',¢’,h’ € Hom=’. The element \,;.(f ® g®h) is a linear combination of terms
of the form 7,/ 0 7y 0 7y 0 k where k € Hom=', 2/(i) =i for 1 <i <n/, w'(n+r+i)=n+r+i
for 1 <i<n'—rand (i) =ifor 1 <i<n.So Lypelc,d,c,c)C @wegwn“w#p(m o Hom=")
and the lemma follows. U

3. FUNCTOR ON OBJECTS
We define a functor ¢ : C — 6C. We put

§(c) = coker( Z (f*) o (dyagy) : @ dy * dy — cx).

d1eC,daeCy d1€C,d2eC4+
f€Homc (d1dz2,c) fe€Homc (d1dz,c)

We denote by v, : ¢x — d(c) the canonical map. It is an isomorphism if ¢ = 1.
Lemma 3.1. Let u € Home(cicp, ¢1¢5). The composition (cyve,) o (uk) o (crae,) vanishes if and

only if u € L(cy, ca, ¢}, ch).
Given f € Home(cy, ¢)) and g € Home(cy, &), we have civg o (h(f ® g)*) o (c1ae,) = 0.

Proof. Let uw = A\gpo(f ® g ® h) with e € C;. We have
(ux) o (c100,) = (cfh o geo i f) * o(crae,) = (c1hx) o (cjba.) o (g * €) o (craze) o (1 * f).
Since (cjvy,) o (¢ihx) o (¢iba.) = 0, we deduce that (cjve, ) o (u*) o (crae,) = 0.
Conversely consider u € Home(cico, ¢jc5) such that (cjvy,) o (ux) o (c1a,) = 0. There are

d; € C, e; € Cy, h; € Home(dse;, ch), ki € Homge(cq * o, ¢id; * ;) such that (ux) o (ciae,) =
> i (dihix) o (cidic,) o k;. There is a surjective map

@ Home (co, ads) @ Home(cqa, dy) — Homge (e * 2, dy * da)

aeC

(fa X ga)a = Z(ga * d2) o (Cla/adQ) o (Cl * fa)-
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So, there are maps f;, € Home(c, ae;) and g;, € Home(cya, ¢)d;) such that
(ux) o (cra,) = Z(Cllhz*) o (didiae,;) 0 (gia * €;) © (Craae;) © (1 % fia)-
7,a

As a consequence, u = Y. (c}h;) 0 (gia€i) © (c1fia) € L(cy, 2, ).
The second statement follows from Lemma 2.3 and the first statement. O

Consider now ¢, € C and g € Home(c, ). Let f € Home(dids,c). We have (g*) o (fx) o
(diag,) = ((g o f)*) o (dya,). Tt follows that g* : cx — ¢/* induces a map d(g) : d(c) — ().
It is immediate that given h € Home(c, ¢”), we have §(h o g) = d(h) o 6(g).

4. FUNCTOR ON MAPS

Let ¢y € C. We define a functor A, : 6C — dC, whose value on * is §(cp).
e Let us define A, on objects. We put

Agy(c* ) = coker( E (cf x ') o (cdiag,d) : @ cdy * daoc! = ccg x ).
d1€C,d2€C+ d1€C,d2€C+
f€Home (dldQ,CO) f€Home (dldg,CO)

The identity of ccg * ¢ induces a canonical isomorphism
(1) Ay (cxd) S el (%) = cd(co)d.

e We define now A, on maps.
Let dy,cy,¢9,¢,,¢y € C and dy € Cy. Let f € Home(didy, ¢g) and f; € Home(c;, ;) for
i € {1,2}. There is a commutative diagram

(c1fxc2)o(crdiavgyc2)

c1dy * dyco C1Cy * Co
f1d1*d2f2l lf1co*f2
/ / / /
chdq * dyc chcy * c
222 (0 prchyolcrdiagyey) L0 2

It follows that fico * fo induces a map A, (f1 * fa) : Agy(c1 % c2) = Agy () * ).
We have
(cf*) o (cdiaug,) o (Tay e * d2) o (dyaeds) o (dy * Tay o) =
(cfx) o (Tay cdox) o (dicag,) o (diaeds) o (dy * Tay ) =
(cf*) o (Tay cdox) o (dyceay) © (dy * Tay ) =
(cf*) o (Tay eda*) o (d1Tay,c*) 0 (dicrg,e) =
(cf*) o (Taydy,c*) © (drdaar) o (driag,c) =

(o) © (Fex) = (h(f @ ©)%) ) © (drdzc) o (dragyc) =

(Tep.c*) © (cote) o (f * ) o (dyag,c) — (h(f ® c)*) o (dydya) o (dyaug,c).
We have
(cve) © (R(f @ c)%) o (didacr) = 0
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by Lemma 3.1. We deduce that the following diagram commutes

(fxc)o(diag,c) (Tege*)o(coe)
dy * dy¢ ————— o ¥ ¢ ————— cep*

(le,c*d2)°(d1acd2)°(d1*ng,c)\L \LCUCO

cd(co)

cdy * doy CCo*
(cfx)o(cdiaay) CUcq

It follows that (7.,c*) o (o) @ ¢o * ¢ — cco* induces a map A, () 1 Ay, (%¢) — A, (cx).
We put A, (craec2) = c1Aq (ac)ca, where we have used the canonical isomorphisms (1).
e Let us now check the defining relations for the maps of 0C. Let f € Home(c, ¢’). We have
(feox) o (Tepex) © (Cotte) = (Teperx) © (Cof*) 0 (coare) — (R(co @ f)*) o (cocre)
= (Teper*) © (coarer) 0 (co % ) — (h(co ® f)*) o (coaxe)
Lemma 3.1 shows that the composition

h(co,f)*)o(coae e
o * C {hleo.Dy)oleone), degxr —= A, (%)

vanishes, hence we have a commutative diagram

(Tcoc*)o(coac) fCo* ,
Co * C CCpo* C Cp*
Co*fl ld“co
co*x deox — A, (%)
(Tcoc/ *)O(Coac/) C Ve

We deduce that A, (fx) o Ay (ae) = Agy () 0 Ay (xf).

We have

(CTeper*) © (cCorer) © (Tepe ¥ ) 0 (Cotel’) = (CTeer*) © (TepeC'*) 0 (cocarer) 0 (coarec’)
= (Teg,cer %) © (Cotteer),
hence
(cAg(ae)) o (Ag (O‘C)_Cl) = Ay (teer)-

We deduce that A, defined a functor 6C — §C. The isomorphism (1) equips A., with a

structure of morphism of (C, C)-bimodules.

5. NATURALITY

Consider now ¢y, ¢; € C and g € Home(co, ¢p). We will define Ay : Ay, — Ay
Let f € Hom(d;ds, cp). We have a commutative diagram

(cf*c)o(cdiag, )

cdy * dycd cco * ¢
idi lcg*c/
cdy * dyc ccp *x

(c(gof)xc)o(ediavg, )

It follows that cg * ¢ : cco * ¢ — ccy* ¢/ induces a map Ag(cx ) 1 Ay (cx ) = Ay (c* ).
It is immediate that given h € Home/(cf, ¢jy), we have Apog(c* ) = Ap(cx ') o Ag(c* ).



CATEGORICAL COPRODUCTS 9

Consider now h € Home(cq, ¢2) and b’ € Home(¢), ¢). We have
(c2g * cy) o (heg x B') = (hey * h') o (c1g9 = ),
hence
Agleax cy) o Agy(hx h') = Ay (hx ') o Agler x ¢).
Let ¢,cq,co € C. Lemma 3.1 shows there is a commutative diagram

1 c00ecs c1 (Tc6c°(90))*c2

C1Cg * CCo — > C1CoC * Co 01006 * Co

C1C0QcC2 l l el 2

C1C0C * Cg ——————> C1CCh * Co Acé(clc % Co).

c1(cgoTege)*ca €1 cvc6 €2
The commutative diagrams
C1Vc( CC2 C1VcoCC2
C1Co * CCo A, (c1 % cea) C1Cp * CCo A, (c1 * cca)
€1C00cC2 crgxcen Ag(c1xces) €1C00cC2
clvc{) cca

C1Tcnc*C2
C1Tege*C2 c1e)acc 0
c1gcxca

crccy ¥ cg ——— A (c10 % ¢o)

C1CCq * Co 01660 * Co AC6 (craccz) C1CUc,C2
cregxes l C1Tet *C2 cregres Ag(crexcz)
/
/ / C1CCY * Co Ay (cre* co
C1CCy * Co C1CCo * Co — oo Ac() (crc% ¢3) 0 crevy ez Co( )
\/’/0/7

cicuy c2
0

show that
Ay(cre* cg) 0 Ay (craces) = Acé(clozccQ) o Ay(eq * cea).
So A, is a natural transformation of (C,C)-bimodule functors.

We have constructed a functor with the required properties, the non-vanishing property
following from Lemmas 3.1 and 2.4.
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